The Schur-m power convexity of a mean for two variables with three parameters is investigated and a judging condition about the Schur-m power convexity of a mean for two variables with three parameters is given.
Introduction and Preliminaries
Throughout the paper we assume that the set of n-dimensional row vector on the real number field by R n . R n + = {x = (x 1 , . . . , x n ) ∈ R n : x i > 0, i = 1, . . . , n}.
In particular, R 1 and R 1 + denoted by R and R + respectively. In 2009, Kuang [5] defined a mean of two variables with three parameters as follows:
where A(a, b) = a+b 2 and G(a, b) = √ ab respectively is the arithmetic mean and geometric mean of two positive numbers a and b, parameters p = 0, ω 1 , ω 2 ≥ 0 with ω 1 + ω 2 = 0.
In particular,
is the generalized Heron mean, which was introduced by Janous [4] in 2001.
is the generalized Heron mean with parameter.
For simplicity, sometimes we will show
In recent years, the study on the properties of the mean with two variables by using theory of majorization is unusually active.
Yang [18] , [19] , [20] generalized the notion of Schur convexity to Schur f -convexity, which contains the Schur geometrical convexity, Schur harmonic convexity and so on. Moreover, he discussed Schur m-power convexity of Stolarsky means [18] , Gini means [19] and Daróczy means [20] . Subsequently, many scholars have aroused the interest of Schur m-power convexity (see [2] , [16] , [17] , [21] ).
In this paper, the Schur-m power convexity of the mean K(ω 1 , ω 2 , p) is discussed, a judging condition about the Schur-m power convexity of the mean K(ω 1 , ω 2 , p) is given.
Our main result is as follows:
Definitions and Lemmas
We need the following definitions and lemmas.
Definition 2.1 ( [8, 15] ). Let x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y n ) ∈ R n .
(i) x is said to be majorized by y (in symbols
. . , n − 1 and
are rearrangements of x and y in a descending order, (ii) Ω ⊂ R n is called a convex set if (αx 1 + βy 1 , . . . , αx n + βy n ) ∈ Ω for any x and y ∈ Ω, where α and
. ϕ is said to be a Schur-concave function on Ω if and only if −ϕ is Schur-convex function.
Definition 2.2 ( [11, 22] ). Let x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y n ) ∈ R n + .
(i) Ω ⊂ R n + is called a geometrically convex set if (x α 1 y β 1 , . . . , x α n y β n ) ∈ Ω for any x and y ∈ Ω, where α and β ∈ [0, 1] with α + β = 1, (ii) let Ω ⊂ R n + , ϕ: Ω → R + is said to be a Schur-geometrically convex function on Ω if (log x 1 , . . . , log x n ) ≺ (log y 1 , . . . , log y n ) on Ω implies ϕ (x) ≤ ϕ (y) . ϕ is said to be a Schur-geometrically concave function on Ω if and only if −ϕ is Schur-geometrically convex function.
(i) A set Ω is said to be a harmonically convex set if (ii) A function ϕ : Ω → R + is said to be a Schur harmonically convex function on Ω if Then a function φ : Ω ⊂ R n + → R is said to be Schur m-power convex on Ω if
for all (x 1 , x 2 , . . . , x n ) ∈ Ω and (y 1 , y 2 , . . . , y n ) ∈ Ω implies φ(x) ≤ φ(y). If −φ is Schur m-power convex, then we say that φ is Schur m-power concave.
If putting f (x) = x, log x, 1 x in Definition 2.4, then definitions of the Schur-convex, Schur-geometrically convex and Schur-harmonically convex functions can be deduced respectively.
Lemma 2.5 ([8, 15]).
Let Ω ⊂ R n is convex set and has a nonempty interior set Ω 0 . Let ϕ : Ω → R is continuous on Ω and differentiable in Ω 0 . Then ϕ is the Schur − convex(Schur − concave)f unction if and only if it is symmetric on Ω and if
Lemma 2.6 ( [11, 22] ). Let Ω ⊂ R n + be a symmetric geometrically convex set with a nonempty interior Ω 0 . Let ϕ : Ω → R + be continuous on Ω and differentiable on Ω 0 . Then ϕ is a Schur geometrically convex (Schur geometrically concave) function if and only if ϕ is symmetric on Ω and
holds for any x = (x 1 , · · · , x n ) ∈ Ω 0 .
Lemma 2.7 ([1, 9]).
Let Ω ⊂ R n + be a symmetric harmonically convex set with a nonempty interior Ω 0 . Let ϕ : Ω → R + be continuous on Ω and differentiable on Ω 0 . Then ϕ is a Schur harmonically convex (Schur harmonically concave) function if and only if ϕ is symmetric on Ω and
Lemma 2.8 ([18]).
Let Ω ⊂ R n + be a symmetric set with nonempty interior Ω • and ϕ : Ω → R + be continuous on Ω and differentiable in Ω • . Then ϕ is Schur m-power convex on Ω if and only if ϕ is symmetric on Ω and
where ω 1 ≥ 0, ω 2 ≥ 0, m ∈ R and m = 0.
is not fixed (from negative to positive).
(II) For m < 0,
Proof. From (2.6), we have
and
where so for x ∈ [1, ∞), we have g (x) ≤ 0 and then, g(x) ≤ g(1) = 0.
3. Proof of Theorem 1.1
